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Use of a logarithmic form of potential in the 
studies on metals
By J. Behari
D e p a r tm e n t  o f  P h y s i c s ,  I n d i a n  I n s t i tu t e  o f  T e c h n o lo g y ,
H a u z  K h a s ,  N e w  D e lh i -2 ^ ,  I n d i a
{R e c e iv e d ,  2 0  N o v e m b e r  1969)
A now loganthmic form of contml potonl-ial botwoon a pair of atoms is proposorl Ibi’ motala.
Culculationa on eohosivo oiiorgios for snvoral MOC!, anrl HCP motnls aro ropfirtod
ami aro fouinl to hfi in good ugreomcnit with oxpoi imouLai data m all tho oasos.
In t r o d u c t io n
OiK' iipprimcli to  th e  tliporetical stu d y  o f the properties o f solids is through the  
assumption o f a central pairwise potentia l function. U nfortunately, th e  cal­
culation o f th e p oten tia l energy o f an assem bly o f given particles as a lunction o f  
tlicir mutual d istance is very  difficult and it has been solved by quantum m echa­
nical m ethods in  a few  cases on ly  (M ott & Jones 1930, Seitz 1940, K uhn & Van 
Vlcfk 1950, K ainbo 1955, N ikulin  1966). H ow ever, i f  we assum e the lattice  
structure, la ttice  constan t and th e  la ttice  energy, a satisfactory explanation can 
be presented o f various la ttice  dynam ical and thorinodyiiam ical properties o f  
solids, within the range o f a2)proxim ation, by suj)posing a force law, provided it  
resembles the real one in  som e general features. The j)aramoters o f the potential 
fund ion are determ ined b y  fittin g it in  a narrow region surrounding the equi- 
libiium point, for th e  structure generally rem ains unaltered and the density changes 
slightly even a t high pressure and upto th e m elting point. Most o f the properties 
of Die solids are determ ined b y  points near th e  m inim a o f th e potential energy curve. 
Those points, therefore, w hich are farther aw ay from th e m inim um  point will not 
affod the results as long as th e  chosen param eters retain the general feature of the  
curve. B y  th e  sam e reasoning i t  can be assum ed th at ^  depends on th e m utual 
distance o f the particles only , even  in  those cases where th e  interatom ic forces are 
not central as, for exam ple in  m etals.
If {^r) is th e  energy o f  in teraction  o f  tw o atom s a t a distance r apart, then  
for (j){r) to  represent a true in teraction  potentia l in a solid, it  m ust satisfy  the fo l­
lowing conditions (Girifalco & W eizer 1959) :
i) The derivative o f  p o ten tia l <j>{r) { i . e .  (50/5r)) m ust have attractive nature  
for large r , and repusive for sm all r , hence should have m inim um  at r =  r-Q (eqnili- 
libriuui separation). '
ii) The decrease in  (f>{r) w ith  r  should  be more rapid th an  r'**.
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These conditions are consequence o f sim ple ph ysical considerations; th e  fiist 
is due to the existence o f condensed phases and th e  second on ly  confii’m s th at the 
cohesive e n e r g y  is finite. The tw o together m ean th a t the crystal structure he 
stable under infinitesim al hom ogeneous deform ation.
Born and his collaborators (194Q) h ave m ade a detailed  analysis o f  the stability  
o f crystal lattices and have g iven conditions th a t m ust be satisfied am ong th e elastic 
constants. For cubic crystals these are :
iii) A ll elastic constants are p ositive ,
iv ) C'll — <^12 >  0 .
A  good potentia l m ust have a m inim um  num ber o f  param eters, y e t  predict 
the rem aining constants w ith  sufficient accuracy as well as being adequately close 
to  th e dispersion forces at largo distance. For m etals, three potentia l energy 
functions have been used by different workers;
1 . The M ie-Gruneison potentia l
^  +  -fs.>
w hich assum es th a t th e  interatom ic force is a superposition o f  an attracting ap.d a 
repelling force, both  depending on th e distance b y  a sim ple inverse power function. 
Gruneisen em ployed th is function in  his early in vestigation s on tho theory  o f solids. 
Furth (1944) and afterwards D ayal & Sharm a (1956) and Colo (1959) have dis­
cussed th e app licability  o f  th is fun ction  for a num ber o f  solids.
2. The Morse potentia l (Morse 1929)
^ (r )  =  ] ,
originally suggested for m olecules, has also boon used for m etals (Girifalco & 
W eizer 1959) where a  is a constan t and B  is  th e  dissociation  energy.
3 . R ydberg (1931) proposed th e follow ing fun ction  for d iatom ic molecules
0 (r) =  - D [ l » | . 6 (r -r o ) ]e “ *’^ '‘“ '‘°^
where 6  is a constant. This p oten tia l has th e  shape appropriate for a potential 
function and has been foun d to  g ive better  results th an  th e  Morse potential for 
a good num ber o f  d iatom ic m olecules. I t  has also been su ccessfu lly  applied in 
tho studies o f m etals (Varshni & Bloore 1963).
Apart from being cum bersom e to  calculate, R yd berg p oten tia l as also Morse 
suffers from one disadvantage, as being finite for r  —  0 .  R ecen tly  PrakasU 
& Behari (1969) proposed a logarithm ic form o f  poten tia l for th e  exchange inter­
action  betw een ions in  alkali halides, and it  w as found th a t th e  calculation of
cohesive energy yields an excellent agreem ent w ith  th e  experim ental data. I t  
removed th e ph ysical draw back w ith  the m ost acceptable Born form v iz ,
(j)repuisive =  constant, rather th an  infinity, for r == 0 .
L o g a r ith m ic  F un c tio n  fo r  M e ta ls
Tn view  o f th is we propose a new  form for the potential in m etals which satis- 
lles the physical condition at r =  0  and has steeper slope than the exponential 
form :
^  ~ ^ i l o g , [ l  +  (B i/r)’» ]+ ^ ,log ,[l+ (J52/r)»»]
It involves six  constants, nam ely  A ^ , A 2, i?a, n  and ?w.To reduce the number 
of unknown param eters we have chosen =  Bg, the ionic radii o f the m etal in 
cjuestion, w hich are taken  from the work o f  Pauling (1963). n  and m  are generally  
chosen from th e  w ork o f Furth (1944). The remaining tw o constants and A 2 
arc t)btained by applying th e condition o f crystal stab ility
and the com pressibility
/  \ _  ^^^ 0
I dr^ X ’
vvliore /J — com pressibility, k  the structure factor and th e zero subscript refers 
to the values o f  param eters at absolute zero o f tem perature. Expressions for 
A 2 and A ^  are
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A ,= ^
^kr^l^Q
B ^ m  __ r
[  r^rn+l^B./WQ  J
and
A  I \( \
Ooliesive energy for a num ber o f  ECO, BCC and H C P m etals is calculated and found  
<^ 0 be in good agreem ent w ith  th e  experim ental results.
D iscu ssio n s
ft  is obvious from  th e  inspection  o f  our form o f potentia l th a t the condition
(i) is satisfied. A  finite value o f cohesive energy as calculated for various subs- 
^^ ances also satisfies condition  (ii). A  first hand calculation o f elastic constants 
also satisfies th e  condition  <7 ^ — >  0 , both being separately positive.
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The choice o f the property to  be stu d ied  a t th e  prelim inary stage w as dictated  
by th e  fact th a t th e  cohesive energy o f m etals has n o t been stu d ied  in  detail. 
Som e calculations have been done on alkali and noble m eta ls and as is clear from 
th e  data  collected in  tab le  1 th a t our results show  m uch im provem ent over the 
results o f earlier workers. M oreover, in  th e m ost w idely  used Morse and Rydberg 
functional iorm , cohesive energy is chosen as a know n q u an tity  in  th e  determina­
tion  o f the param eters o f  th e p oten tia l and hence its  direct calculation  is not 
possible. A s is evid en t from  th e form  o f  potentia l th a t an y  un certa in ty  in the 
v^alues o f  ionic radii does not effect our results appreciably. In  fa c t an y  other
T a b l e  1
SubB-
lanco
Lattice 
constant 
X  10® cm
1012 
cm^/dyn.
n m
CohoHive enorgy(—^o)(Kg- Cul/mol
Calculated Expon-
moiitab*'^
Others^ 'ii®^
Vb 4.9138 2.31 3 12 46.6 47
Ag 4 068 0.99 4.5 7 72.6 68.3 58.9
Ni 3 5142 0 53 4 6 * 107 8 102.3
Cu 3 0022 0.72 4 7 78.1 80.8 59.9, 83.7
A1 4.0284 1 34 3* 7 73 9 76 9
Ca 5 5528 6 70 4 6 39.9 42.1
Sr 6 0634 8 19 4 6 35.7 39 1
Pd 3.880 0.53 5 6.5 96 5 90.8
r t 3.9142 0.36 6 5 8 128.2 135.0
All 4 0626 0.57 6.5 8 88.9 87.3 63.3
Li 3 40 8.7 1 5 6 33.8 38.0
Na 4.2250 15.6 2 6 26.3 26.0 23.2, 26.9
K 5 2250 36.0 2 6 2 2  8 21.7 27.9, 24.2
Cs 6.0460 67.0 2 6 18.6 19.1
Mo 3.1432 0.36 5 7 165.7 167.1
Cr 2  8818 0.52 5 7 83.8 94.5
Fo 2.8590 0.59 4 7 89.9 96.9
Zn 2.659** 1.60 5 7 29.9 31.1
Cd 2 970** 2.41 6 7 22 64 26.76
Mg 3.190*+ 2.96 4 6 40.4 35.3
♦Valuoa are changed by unity, **NeareBt neighbour diatanoo.
(a) Varshni & Bloore, 1963, (b) Kittel 1907. (c) ICittel 1961, (d) Kuhn & Van Vleok I960, 
(c) Kambe 195/),
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choice o f and w ill be equally suitable, provided it  satisfies th e condition
r - f )
y WiW
Palladium  w hich does n ot find a place in studies o f Furth (1944) is also included  
in th is list. In  general our calculated values are in good agreem ent w ith the e x ­
perim ental data.
I t  is interesting to  note  th a t an excellent agreem ent is obtained in  quite  
com plicated cases, such as platinum  and m olybdenum  etc., w ith th is sim ple tw o  
term potentia l. D ifference in our calculated values from the experim ental ones 
m ay be p artly  attr ib uted  to  the uncertainty in  the values o f com pressibility, 
which is tak en  from  th e  work o f Furth  (1944) and data collected by K itto l (1961), 
and it is referred to  at room tem perature. The oxporiniontal values o f th e cohe­
sive energies (K itte l 1967) are also at room tem perature
I t  m ay be pointed out th a t a similar logarithm ic form for th e overlap  
repulsion, adopted betw een  a pair o f atom s in solidified noble gases is found to  
predict th e  experim ental results fairly avoU (Bohari 1969).
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